Abstract-We propose a power-efficient Tomlinson-Harashima precoder (THP) in the downlink of multi-user multiple-input single-output (MU-MISO) systems, where a transmit power reduction is achieved by means of interference optimization. The adopted approach is based on adaptively scaling the symbols of a number of users whose received signal-to-noise ratio (SNR) thresholds are known to the transmitter. By doing this, the interference can be better aligned to the symbols of interest, thus reducing the power required to cancel it. The scaling is performed by forming a constrained optimization problem, solved with existing well-known techniques, which entails an increase in the computational complexity at the base station. To quantify this trade-off in performance and complexity, a study of the impact in the signal processing load is carried out by means of a power efficiency analysis. The presented analytical and simulation results in this paper confirm that the proposed technique increases the power efficiency up to 100% with respect to previous THP-based approaches while, at the same time, maintaining the same average performance.
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I. INTRODUCTION
P
OWER consumption has become a major concern in the development of new communication systems. In particular, a set of precoding methods have been developed in the downlink of multi-user multiple-input single-output (MU-MISO) communications to increase the battery life of mobile units (MUs). To accomplish this, precoding techniques translate a significant part of the signal processing load from the MUs to the base station (BS) in broadcast channel (BC) scenarios where channel state information is available at the transmitter (CSIT) [1] .
Precoding schemes can be classified as linear and nonlinear, according to the transformation that the original information symbols undergo before being transmitted [2] . Linear precoding techniques are a low complexity means of pre-canceling the interference at the transmitter by taking advantage of the knowledge that the BS has of both the channel and the symbols to transmit [3] - [7] . Nonlinear precoding schemes have a higher complexity but also improve the maximum achievable rates [1] , [8] - [12] . Dirty paper coding (DPC) schemes [13] - [15] achieve the channel capacity but the associated complexity makes them intractable in practice [16] . To overcome this difficulty, several suboptimal alternatives with reduced achievable rates have been proposed in the literature [1] . It is precisely one of these schemes, Tomlinson-Harashima precoding (THP), the subject of analysis of this paper.
THP is a nonlinear technique that successively pre-subtracts the known interference at the transmitter [1] . In this technique, a modulo operation is implemented both at the transmitter and at the receivers as a way of guaranteeing that the transmit power is constrained. Nevertheless, the addition of the modulo operation introduces some performance loses, namely shaping loss, modulo loss and power loss [17] , [18] . The power loss, which acquires a significant importance in low-order modulation systems, produces an increase in the transmit power caused by the change in the distribution of the transmit symbols after the precoding process [1] .
Several modifications to THP have been examined in previous works with the aim of reducing the power loss. An alternative based on tilting the constellations of the data symbols is analyzed in [19] . The specific tilting angle is adaptively decided at the transmitter depending on the input symbols, and must be conveyed or estimated at the receiver. This reduces the system performance either due to angle estimation errors or the necessity of feedforwarding the angles. A solution to overcome these problems has been proposed in [20] , where the authors present an algorithm to optimize the compromise between the performance loss and the power gains, by tilting the transmit constellation. The transmit power can be also reduced for a given performance by modifying the order in which the users are encoded [1] . Particularly, the improvement in the multi-user setting is achieved by performing a reordering of the input data and the rows of the channel matrix according to the BLAST criterion [21] . Another alternative to increase the power efficiency in low SNR conditions is based on serving a smaller number of users while maintaining the same sum rates [22] . A more recent technique to reduce the effect of the power loss is known as complex domain interference optimized THP (CIO-THP) [23] . This strategy is based on modifying the symbol of the first encoded user to optimize the interference in the pre-subtraction process subject to a SNR threshold of the corresponding receiver, therefore reducing the power required for precoding.
The technique proposed in this paper minimizes the power loss effect by directly scaling the information symbols of a number of users to better align the resulting interference to 0090-6778 © 2014 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
the symbols of interest. By doing so, the power to cancel this optimized interference is drastically reduced. In this strategy, the optimum scaling factors are obtained by solving an optimization problem with SNR constraints at the receivers. The proposed scheme outperforms the CIO-THP where only the first user symbol is scaled [23] . That is, further transmitpower savings can be achieved by allowing a higher number of symbols (users) to modify their amplitude and phase. This is due to the increase in the number of variables and range of possible solutions in the constrained power minimization. The proposed strategy can be viewed as a non-trivial enhancement of CIO-THP where expanding the optimization to more users poses new challenges in the design of the optimization problem. Indeed, a change in the definition of the required conditions to ensure a threshold performance at the receivers is necessary due to the use of the modulo operator at the receivers as opposed to CIO-THP where the modulo operator need not be taken into account in the optimization. Moreover, since the optimization problem also differs, new techniques must be used to find the optimal solution to minimize the transmit power.
At this point, it should be remarked that the proposed technique does not constitute a power allocation scheme. Here, the amplitude and phase of the transmit symbols is varied with the sole intention of minimizing the total transmit power. In fact, the proposed strategy could be combined with any of the above-mentioned strategies such as power allocation schemes or reordering techniques to further enhance the resulting performance [24] . However, to maintain the focus of the paper on the proposed concept, we use conventional THP as the reference for comparison, while it is clear that the improvements of the proposed approach extend to modified THP schemes. For clarity, we summarize the main contributions of this paper as follows: 1) We propose a new power efficient THP (PE-THP) scheme that significantly improves the power loss with respect to the THP and CIO-THP schemes. 2) We carry out mathematical a) power loss and b) error performance analyses of the proposed approach. 3) We calculate analytically the complexities of THP, CIO-THP and PE-THP and use these to compare the power efficiency of these schemes. In this context, we also present a semi-empirical method of selecting the number of transmit symbols to optimize for maximizing the resulting power efficiency.
II. SYSTEM MODEL AND TOMLINSON-HARASHIMA PRECODING
A. MU-MISO Downlink Channel
In this paper, we focus on multi-user MISO systems where purely transmitter-based schemes are most useful. Particularly, the general model that is assumed hereafter is a MU-MISO downlink system in which there are M different users with their MUs being equipped with a single antenna each, and one BS with N ≥ M transmit antennas. This system is characterized by the equation
where r ∈ C M ×1 is a vector which represents the received signal by all the system users, and x ∈ C N ×1 contains the symbols transmitted by the N antennas of the BS. Moreover, w ∈ C M ×1 ∼ CN (0, σ 2 I M ) denotes the standard additive whiteGaussian noise vector with variance σ 2 , and H ∈ C M ×N is the channel matrix whose complex coefficients h m,n represent the channel gain between the nth transmit antenna and the mth receive antenna. In the above, I M represents the M × M identity matrix.
Throughout this paper, the BS is assumed to have a perfect knowledge of the channel H. This assumption is common in the THP literature facilitated by time division duplex (TDD) transmission where this knowledge can be readily acquired at the BS due to the uplink-downlink channel reciprocity [1] .
B. Zero Forcing Tomlinson-Harashima Precoding (THP)
While it is intuitive that the benefits of the proposed technique apply to both minimum mean square error THP (MMSE-THP) and zero forcing THP (ZF-THP), in this paper we will only concentrate on ZF-THP for clarity. Precoding based on ZF-THP [1] for multi-user scenarios lower triangularizes the MISO channel by using the LQ decomposition
Here, F is a unitary matrix, L is a lower left triangular matrix and the operator [ ] H is used to denote the Hermitian transpose of a matrix. By using the resulting matrices of the LQ decomposition, the equivalent THP channel can be represented by the lower left triangular matrix
where the diagonal matrix of scaling coefficients G is obtained from the main diagonal of the matrix L as
The scaling operation is performed by each of the receivers and it ensures that the main diagonal of B is formed by ones for correct interference presubtraction. The complete block diagram of THP is shown in Fig. 1 . After performing these operations, the resulting MISO channel can be equivalently described as ⎡
To guarantee that the received symbols are interference-free THP implements B −1 at the transmitter. However, since this solution increases the transmission power dramatically, a modulo operation is applied to avoid this. The modulo function ensures that the transmitted symbols lie inside the Voronoi region of the original constellation and is given as where and represent the real and imaginary parts of the input symbol, respectively and L ∈ R + is the base of the modulo operation that depends on the selected modulation. Subsequently, the transmitted symbols x n are iteratively obtained as
where b n,l denotes the n, l-th coefficient of the matrix B and u n is the constellation symbol intended for the nth user. At the receiver, the equalized signal for the nth user after the scaling and modulo operations is defined as
where
T is the received signal before the THP processing at the receivers as shown in Fig. 1 . Here, it should be noted that the receiver of the first encoded user does not implement the modulo operation since there is no interference to presubtract in the precoding process.
In the following, unless stated otherwise, it has been assumed that the original data symbols u n are selected from the
These symbols are normalized throughout this paper by the factor f nor = 2(Q − 1)/3 to ensure that the average energy of the constellation symbols is independent of the modulation order. Additionally, the base L of the modulo operation can be easily calculated for Q-QAM modulations as
III. POWER-EFFICIENT THP (PE-THP) BY ADAPTIVE SYMBOL SCALING
A. Overview of Complex Domain Interference Optimized THP (CIO-THP) [23]
CIO-THP reduces the power loss of conventional THP by scaling the symbol of the first user such that the interfering signals are better aligned with the symbols to transmit [23] . To accomplish this, CIO-THP defines a complex scaling factor a = a r + ia i that modifies the amplitude and phase of the first user's symbol u 1 . The scaling factor is selected in such a way that the total transmit power P of the modified transmit signal x is minimized.
To secure a performance threshold, the norm of the transmit symbol of the first user must be lower bounded. Specifically, the scaling factors a for different phase-amplitude modulations are deducted in [23] as a function of the SNR required at the receiver γ, which for the first user reads as
Here, g 1,1 is the first element of the diagonal matrix G, σ 2 denotes the noise variance at each receiver and the factor E s |a| 2 is the symbol energy after applying the scaling factor a = a r + ia i . CIO-THP is based on the fact that, since the first user experiences no interference, the modulo operation is not required and the symbol of this user can be scaled arbitrarily subject to a SNR requirement. The scaling of other users is, however, more challenging and is being explored in this work.
B. Proposed Power-Efficient THP (PE-THP)
Intuitively, the above power gains can be enhanced by allowing the symbols of further users to be scaled and thus adding new variables to the former optimization problem. These new optimization variables correspond to the extra scaling factors that are assigned to a specific number of users K > 1. Therefore, instead of just scaling the first user as in CIO-THP, the proposed technique considers that the scaling factors can be applied to a higher number of users. This effectively increases the number of variables to optimize, making possible to generally find better solutions to the power minimization problem. This expansion of the optimization is non-trivial as the new optimized users employ the modulo operation at the receivers thus imposing different constraints on the corresponding optimization variables. Specifically, in PE-THP the adjusted symbolsũ n can be expressed as
where α r n and α i n represent the real and imaginary parts of the scaling factor for the nth user α n Δ = α r n + iα i n . With these modified scaling factors the precoded signal for the nth user is obtained as
whereα denotes the scaling factors that are applied to the users that have been previously encoded. The difference in this formulation with respect to the original THP defined in (7) resides in that now the user symbols are modified by the scaling factors selected to minimize the transmit power. This in turn affects the interference generated from the users already precoded when generating the nth transmit symbolx n (α).
Based on (11), the main objective of PE-THP is to find the scaling factors that better align the interference with the symbols to transmit to reduce the transmit power. We calculate these scaling factors by solving the optimization problem
where Φ(α r n , α i n ) are a set of constraints that depend on the received SNR requirements as detailed in the following. The optimization problem (12) has been proven to be convex in [23] for CIO-THP (K = 1) under the assumption that the symbol replicas of the extended constellation are given. We note that the same argument holds when more optimization variables are added as this does not affect the conclusions obtained in [23] . Therefore, the solution to the optimization problem can be obtained numerically by solving a least squares problem for which there are several algorithms already available [25] , [26] .
The definition of the constraints in PE-THP differs from the one used in CIO-THP. This is because, in contrast to CIO-THP where the first receiver does not apply the modulo operation, in PE-THP the users 2 < n < K must execute it to guarantee that the signal to transmit lies inside the boundaries of the Voronoi region. So, the scaling factors in PE-THP are not only lower bounded by the received SNR thresholds as depicted in Fig. 2 (a) for CIO-THP. In this figure, the four constellation symbols for the example of 4-QAM are represented by different geometric figures and d denotes the minimum Euclidean distance in the constellation. In fact, decision thresholds must be imposed in all directions around the information symbols in the signal constellation for these users. This is necessary because the signal constellation is infinitely replicated in all directions after applying the modulo function [23] . Hence, since all information symbols are adjacent to different ones in any direction as shown in Fig. 2(b) , new detection thresholds must be imposed to avoid decoding errors. Note that this new restriction does not affect user 1 since its receiver does not implement the modulo function. Consequently, the first user in PE-THP will only have a lower SNR threshold as it is depicted in Fig. 2(a) . In this figure, the shaded region represents the set of feasible solutions that satisfy the SNR threshold.
It is clear from the above that decision thresholds around the symbols for users 2 < n < K will have both upper an lower limits. For these users, the area that contains all possible solutions for the scaled symbols, ψ n , is a square whose center is the original symbol u n , and one of his vertices (the closest to the origin) is the symbol that corresponds to the one obtained when multiplying the original user symbol by the minimum scaling factor. This region is represented by the colored area in Fig. 2(b) . Considering this, a different SNR threshold can be defined by each of the users according to their specific requirements to secure a threshold performance. In particular, for two-dimensional constellations in which all their symbols have the same energy such as 4-QAM the scaling factors must satisfy
where the modulation-dependent parameter β n is defined according to (9) as β n
Here, γ n represents the SNR threshold at the nth receiver and E s is the energy of the constellation symbol without considering the scaling factor effect. These constraints guarantee that the distance between any of the solutions obtained by the optimization problem and the boundaries of the Voronoi region is equal or higher than the minimum required to satisfy the receiver's threshold performance as shown in Fig. 2(b) . As an illustrative example, the resulting optimization constraints α r n , α i n are calculated in Table I for the most practical BPSK, 4-QAM and 16-QAM modulations used throughout this paper, although extension to higher-order modulations is straightforward. It should be pointed out that for constellations in which the symbol energy varies as in 16-QAM, the constraints γ n (d) are a function of the distance between symbols d. The reason for this is that the average error rate in these cases depends on the distances between neighboring symbols rather than on the absolute symbol power. We also remark that the constants that limit the upper and lower bounds for the scaling factors in these constellations vary depending on the energy of the real and imaginary parts of the symbols to scale E {r,i} s . Finally, we note that in PE-THP the processing at the receivers remains identical to the one performed in THP as it is shown in Fig. 1 . Hence, to obtain the information symbols the receivers only need to scale the received signal and then apply the modulo operatioñ
Here,r n andỹ n represent the signal at the input and the output of the nth receiver, respectively. 
C. Expansion of Optimization Regions With PE-THP
To illustrate the expanded optimization domains for PE-THP, a visual analysis of the signal generation process in CIO-THP and PE-THP is represented in Fig. 3 for N = M = 3. In this figure, u n , n = 1 · · · M , are the original symbols for each user,x n , n ∈ [1, M], represent the transmit symbol of the nth user, and the regions ψ n , n ∈ [1, M], represent the possible scaled symbolsũ when the entire set of feasible solutions to the optimization problem (12) is considered. Moreover, according to (11) , each of the possible scaled symbols u generates a different transmit signalx, represented by the colored regions χ n , n ∈ [1, M] . In other words, the shaded regions illustrate all the signals that could be transmitted when considering the scaling factors that satisfy the optimization constraints. In this illustrative example, without loss of generality we use
represented by the circles in each of the sub-figures.
First, in Fig. 3 (a) the precoding operation is depicted for CIO-THP. It can be seen that the area that includes all the feasible symbols for the first user, ψ 1 , is lower bounded by
in accordance with (10) and (13) . When a solution (point)x 1 of the region ψ 1 = χ 1 is selected, specific transmit symbolsx {2,3} of the sets χ {2,3} are also chosen by conventional THP encoding. Here, χ n represent the set of possible transmit signals for the nth user generated by the different scaling factors that can be selected for the symbol of the first user. Mathematically, the set χ n of the nth user depends on the previous ones as χ n = ψ n n−1 l=1 b nl χ l , i.e., more feasible solutions to the transmit symbolsx n can be obtained as the size of the first region increases. The function of the optimization process is to find the solution that minimizes the total transmit power. The final transmit symbolsx n are also included in Fig. 3(a) , represented by the red dots.
The idea behind PE-THP is to increase the size of the regions χ n from which the transmit symbols are selected to improve the results of the optimization. This effect is noticeable in Fig. 3(b) where the proposed technique has been applied to K = 2 optimized users. In this figure, it can be seen that now the regions χ {2,3} are larger compared to the ones in CIO-THP. This is caused by the possibility of also modifying the symbol of the second user u 2 , which in turn not only increases the range of possible constellation symbols for this user in the expanded region ψ 2 , but also the ranges of transmit symbols for both users 2 and 3 in the regions χ {2,3} . In other words, now there are more degrees of freedom to select the transmit symbol of the third user χ 3 = f (u 3 , χ {1,2} ) as the space occupied by the previous regions is larger. As a result, the total power P of the solutions x {1,2,3} obtained in PE-THP is smaller than in CIO-THP due to the more relaxed optimization involved.
IV. PERFORMANCE ANALYSIS
In this section, we analytically derive the received SNR expressions and characterize the probability of error of zero forcing PE-THP systems to compare with the simulation results.
A. Conventional THP
In THP, the received signal excluding the effect of the modulo operation at the receivers reads as
Here, g n,n is the nth element of the main diagonal of the diagonal matrix G and it can be seen how its value influences the noise at each receiver. Hence, the average received SNR can be expressed in terms of the average energy per symbol at the receivers, E s , and the one-sided noise spectral density, N 0 , as
In the above, the operator [.] has been used to denote the average value. Moreover, for this analysis and for the rest of the paper a frequency flat Rayleigh fading scenario whose channel matrix is characterized as H ∼ CN (0, (1/M N )I M ⊗ I N ) is assumed, where ⊗ denotes the Kronecker product. Based on this, to obtain γ n we exploit that the diagonal elements l 2 n,n of the lower triangular matrix L follow a chi-square distribution l
degrees of freedom [27] . Since from (4) it can be derived that g 2 n,n = (l 2 n,n ) −1 , the average received SNR evaluates to
Excluding the effect of the modulo function, the error probability for a specific modulation in a Rayleigh fading channel can be derived from the average SNR at each receiver based on existing analyses. For the example of 4-QAM, the error probability P n for the nth user reads as [28] P n = 3 4 1− 4 3π
Using this expression, the error rate probability for a standard 4-QAM detector could be obtained by simply substituting (18) into (19) . The same procedure could be applied to obtain the error probability of higher-order modulations.
However, in THP the effect of the nonlinear modulo operation has to be considered since it influences the error probability [29] . In a standard 4-QAM receiver without the modulo operation, the Voronoi region only has two bounds per symbol corresponding to the frontier limited by the coordinate axis as depicted in Fig. 2(a) . However, due to the modulo operation two new bounds are added as shown in Fig. 2(b) . In practical terms, this effectively doubles the error probability for the 4-QAM case [29] . Finally, considering that the first user is not affected by the modulo operation, the average error probability can be expressed as
B. Proposed PE-THP
In PE-THP, the transmit symbols are modified according to the specified criteria and so do consequently the symbols received by each of the users. Hence, the effect of the scaling factors must be considered in the performance analysis. In particular, the received signal in PE-THP can be expressed as
where a n is the equivalent complex operator that implements (10) . Similarly to THP, the average received SNR after applying the scaling and the modulo operations at the nth receiver in PE-THP reads as
However, the dependence of this expression with the average value of the coefficients a n makes difficult to obtain γ n analytically since they are the result of a complex optimization process. Hence, the empirical average values of the scaling coefficients a n have to be used to obtain an approximation of the BER. Finally, the theoretical bit error rate (BER) can be obtained by using (19) , (20) and (22) . To validate the above analysis at this point, the BER results based on the above can be seen in Fig. 4 for a PE-THP system with M = N = 4 antennas and K = 4 optimized users. In this figure, the BER is plotted as a function of the transmitted SNR per antenna of the system, which is defined as
where P is the total transmit power constraint. Moreover, the SNR thresholds γ n , n ∈ [1, K], for all optimized users are established to guarantee that the BER performance is not damaged. The thresholds that satisfy this condition are defined as
The results of Fig. 4 show that the analytic approximation derived in this section closely matches the simulation results. A slight degradation in the performance of PE-THP w.r.t. conventional THP and CIO-THP for 16-QAM can also be observed in this figure. This effect is caused by the existence of tighter optimization constraints in this modulation. Note that the overall trade-off between performance and power loss is still improved for the proposed scheme as shown in Fig. 10(b) . Additionally, the performance of the systems under study with imperfect CSI is also shown in Fig. 4 . The imperfect CSI has been modeled following [30] , where the channel estimation error is controlled by a parameter, τ ∈ [0, 1], that determines the accuracy of the acquired CSI, i.e., τ = 0 corresponds to perfect CSI and τ = 1 implies that only statistical information is available. From the results of this figure, it can be seen that the performance is deteriorated in a similar way for both conventional THP and the proposed scheme when τ = 0.1. In general, Fig. 4 proves that the performance of the PE-THP system can approximate the one of a standard THP transmitter while, as demonstrated in the following, it is able to reduce its transmission power.
V. POWER LOSS ANALYSIS
The power loss analysis of this section builds upon the one in [23] . Therefore, to avoid extensive repetition we show the power loss of the proposed technique using only key results from [23] and highlighting the differences in the analysis for PE-THP. In particular, we make use of the Gaussian-Modulo distribution as it provides an accurate approximation to the probability density function (p.d.f.) of the output symbols of a THP system where an adaptive symbol scaling of the first user is performed [23] . Here, we extend this approach to derive an upper bound of the power loss in the more generic case of PE-THP.
Without considering the modulo operation, in PE-THP the transmit symbols are generated as the subtraction between the scaled user symbols and the interference from the previously encoded users [ (7) 
Following the Gaussian-Modulo analysis [23] , the distribution of the real or imaginary parts of the transmit symbols in CIO-THP and PE-THP can be approximated asx n ∼ CN (±μ n,K,N ,σ 2 n,K,N ). Here, the upper bound of the variancẽ
has to be computed iteratively due to the dependence of the transmit symbol of the nth user on the previously encoded ones. The constant |α 1,K | 2 denotes the average scaling factor for the first user which, as opposed to CIO-THP, varies with the number of optimized users K. Moreover, we remark that in PE-THP the scaling factors are determined on an instantaneous basis to minimize the total transmit power. Therefore, the use of the average value |α 1,K | 2 to approximate the variance of the transmit signal provides an upper bound to the real variance since this symbol-by-symbol dependence is not included. It should be also noted that, from (25), the main difference in PE-THP with respect to the previous approaches is that the average value, μ n,K,N , of the transmit symbols is further reduced due to the increased range of feasible solutions to the optimization problem. What is more, it is precisely this term the one that reflects the improvement of the proposed technique since its value depends on the additional scaling factors introduced by PE-THP (cf. [23] ).
The effect of the modulo operation in the transmit signal also has to be considered to obtain an approximation of the power loss in PE-THP. Specifically, the tails of the p.d.f. ofx n that fall outside the Voronoi region of the constellation are folded back inside its limits, an effect that can be modeled by adding replicas of the original Gaussian p.d.f. in the centers of the extended constellation symbols [23] . Formally, the resulting GaussianModulo distribution for the considered 4-QAM constellation is given bŷ
where it is assumed that a good approximation of the resulting p.d.f. can be obtained by considering a limited number (L lim = 6) of overlapping distributions. From the distribution of the transmit symbols (26) , it is possible to determine the second moment
2 } of the distribution for the nth user by solving
Here, the symmetry between the real and imaginary parts of the transmit symbols have been exploited to obtain (27) . The above result holds for the 4-QAM constellation assumed throughout this paper as its Voronoi region is defined in the two-dimensional space
. However, we remark that this analysis can be directly applied to other constellations by modifying the limits of the Voronoi region and the centers of the replicas.
As a result of the above analysis, the Gaussian-Modulo approximation of the power loss for PE-THP systems with a 4-QAM modulation can be expressed as
where it has been considered that the transmit power of the Q-QAM constellation used throughout this paper without the power loss effect is P 0 = 1. In this expression, the mean value μ for the nth user and the average scaling factor for the first user |α 1,K | 2 are obtained via Monte Carlo simulations due to the difficulty of determining these analytically. Finally, solving the integral in (28) we get (29) , shown at the bottom of the page. In this final formulation, erf(x) denotes the error function defined as erf(x) = (2/ √ π)
2 dt. Note that in (29) , the dependence of the power loss with K and N is implicitly included in both the average value of the transmit symbols,μ n,K,N , and the average scaling factor for the first user, α 1,K . Since this dependence is intractable analytically, in the following we introduce a semi-empirical approximation to the power loss in terms of K and N . This approximation is based on a second-order polynomial expression of the form:
where the constants c kl ∈ are determined via least-squares curve fitting to the original formula [31] . This expression shows the direct relationship between the power loss and the design parameters K and N . The constants c kl depend on the modulation order Q and received SNR thresholds γ. As shown in the sequel, by appropriate selection of c kl , the approximation closely resembles the real behavior of the power loss for a wide range of scenarios.
VI. POWER EFFICIENCY ANALYSIS
Although the total transmit power may be reduced, PE-THP tends to have a higher complexity compared to THP, which therefore introduces a trade-off between transmit power and complexity. This extra complexity is caused by the necessity of solving the optimization problem defined in (12) . In this section, we calculate the resulting complexity for PE-THP and we use this to compare its power efficiency with THP and evaluate the above mentioned trade-off. Towards this end, we express the power efficiency as the transmission rate per watt of total consumed power using the metric [32] 
Here, P P A = ((ξ/η) − 1)P is the power consumption of the power amplifier to transmit a signal of power P in Watts. In this expression, the factor ξ reads as the modulation-dependent peak to average power ratio (PAPR) and η corresponds to the power amplifier efficiency [32] . In this paper, we consider a scenario-dependent transmit power P whereas the efficiency factor corresponds to the one of a class-A amplifier, η = 0.35, which is commonly used in this setting due to the linearity required to transmit a M-QAM signal [33] . The constant P RF is the power consumed by the RF chain of each of the antennas and a reference value of P RF = 34.4 mW has been used [9] , [32] . Furthermore, the factor p c · C is the one that accounts for the power consumption due to the complexity of the signal processing algorithms [32] . Here, C is the average complexity in terms of floating point operations (flops) and the constant p c , which accounts for the power consumption per 10 3 operations, is chosen as p c = 5.76 mW/KOps for the Virtex-5 FPGA family from Xilinx [34] . Finally, R refers to the system rate and it varies depending on the SNR at each receiver as detailed in the following.
A. Complexity Analysis
To calculate the overall complexity of the THP and PE-THP processes, the number of floating-point operations (flops) required in a system where M = N has been determined. The results are detailed in Table II where, for simplicity, it has been assumed that a multiplication (division) has the same complexity as a summation (subtraction). This is a common assumption in the literature for this kind of analysis [35] . In addition, the operations required to calculate the hessian of a complex matrix are assumed negligible with respect to the rest of the computations. From the results of Table II , it can be concluded that the operations that dominate the overall complexity in THP are performing the complex QR decomposition and obtaining the equivalent channel matrix B, both in the order of O(N 3 ). Apart from this, the PE-THP technique increases the signal processing load due to the optimization problem required to compute the optimum scaling factors. The solution of this optimization problem can be obtained by solving a nonlinear least squares problem whose complexity can be divided into two parts: the one that depends on the minimization algorithm itself, and another one that corresponds to the number of times that (12) must be evaluated in the optimization process:
• The complexity of the minimization process can be estimated as O(S it · S par ), where S it is the number of iterations and S par refers to the number of parameters to optimize [36] . In PE-THP, the parameters to optimize are the real and imaginary parts of the scaling factors. Therefore, their number can be expressed as a function of the number of users whose symbols will be modified, i.e., S par = 2K. On the contrary, the number of iterations of the minimization algorithm are problem-dependent.
• Regarding the complexity of evaluating (12) , the number of operations that must be computed in each function evaluation can be directly extracted from Table II . The number of function evaluations, S ev , are dependent on the specific scenario. According to the results of Table II , the complexity of the minimization algorithm can be considered negligible compared to the rest of the process. The reason for this is that both the number of parameters to optimize and the average number of iterations is not in the order of the rest of operations such as the number of function evaluations S ev . Moreover, the algorithm requires an initial approximation that is provided by performing a low-resolution search prior the execution of the Trust-RegionReflective algorithm. This previous step is not considered in the complexity analysis since, although performed for simplicity in this paper, it is only necessary for those scenarios where the encoded symbol replicas are modified w.r.t. conventional THP [23] . Therefore, the number of operations required by the PE-THP scheme is approximated as
Here, the average number of function evaluations, S ev , can be computed via Monte Carlo simulations to derive the average complexity of the proposed technique. To extract the information about the dependence of S ev with N and K, a secondorder polynomial expression such as the one shown in (30) will be used in the sequel. This simpler expression provides a good approximation to the Monte Carlo results and it will allow us to determine the dependence between the overall complexity and the above-mentioned parameters.
B. Achievable Rates
The achievable rate R sum of a THP system for a specific channel realization can be expressed as [1] 
For the case of PE-THP, the received power is affected by the scaling operators a n as explained in Section IV. Therefore, the achievable rates in the proposed technique are approximated as
C. Power Efficiency Maximization
For given rate requirements, a natural approach in the design of a communication system is to devise a scheme that maximizes the power efficiency metric defined in (31) . This optimization is equivalent to the minimization of the overall power consumption
Based on this expression, it is clear that the power loss contributes to the overall power consumption as the power required by the power amplifier P P A is affected by the increase in the transmit power. For this reason, the reduction in the power loss that the proposed technique introduces provides a valid alternative to improve the power consumption in THP-based systems. However, the complexity of the signal processing in PE-THP increases with the number of optimized users K due to the additional operations required to solve the optimization problem defined in (12) . Therefore, an analysis of the trade-off between the reduction in the transmit power and the additional signal processing consumption is necessary to determine the best number of users K to optimize.
1) THP:
The uniform approximation to the power loss [18] and the above complexity analysis can be used to calculate total power consumption of a THP system, P THP T . Substituting these into (35) , the total power consumption of a THP system can be expressed as
where P p = E s N is the intended transmit power without considering the power loss effect.
2) PE-THP:
The optimization of the overall power consumption in PE-THP has an additional degree of freedom w.r.t. THP, i.e., the number of optimized users K. Therefore, to minimize this metric and select the best number of users to scale K it is necessary to know the dependence of the power loss and the complexity of the proposed technique with K and N . However, as in PE-THP the theoretical approximations of these quantities do not have an analytic form as a function of K and N , we resort to a curve fitting approximation based on the Monte Carlo simulation results to obtain the desired closedform expression
Here, P PL (c PL ) and P S (c S ) represent the second-order polynomial approximation to the power loss and S ev , respectively with the set of coefficients c = [c 20 , c 02 , . . . , c 00 ] T . Note that, as mentioned above, the coefficients c of the polynomial approximation vary with the modulation order Q and the specific received SNR thresholds γ. Once computed, these coefficients can be used to determine the overall power consumption for given P p , K and N , therefore providing a method to select the best number of users to optimize for a variety of scenarios. Indeed, for given rate requirements, the maximum power efficiency w.r.t. K is found by minimizing P PE−THP T , i.e., directly by taking the derivative of the convex function in (37) . Specifically, we select the optimum number of users to scale according to PE-THP as 
VII. SIMULATION RESULTS
To evaluate the improvement of the proposed technique with respect to the previous alternatives, numerical results have been obtained by performing Monte Carlo simulations. Since they are the central subject of study of this paper, the simulation results compare the power-related aspects of THP, CIO-THP and PE-THP. The simulation scenario assumes a transmitter with 4-QAM and 16-QAM modulations, a flat Rayleigh fading channel which is perfectly known at the BS and M = N . It is noted that the structure of the receivers is identical for PE-THP and THP. Moreover, the optimization problem that must be solved in the PE-THP scheme has been implemented as a nonlinear least squares problem, where it is possible to calculate the average number of iterations and function evaluations, which in turn are required to determine the complexity term of the power efficiency metric. Fig. 5(a) includes the results for K = 2 optimized users whereas in Fig. 5(b) the number of optimized users rise up to K = 4. From the observation of the results for PE-THP with K = 2 and K = 4, it can be concluded that the power loss decreases with the number of optimized users independently of the SNR threshold selection at the receivers. Moreover, it is also shown that the power loss is reduced as the transmitted SNR grows when a specific SNR threshold γ is determined. This effect is due to the possibility of further reducing the transmit power since, from Table I , the range of values that the scaling factors can adopt in PE-THP depend on the noise level at the receivers. Savings in the transmit power up to 33% and 15% w.r.t THP and CIO-THP, respectively can be observed when the received SNR thresholds are fixed as a function of the transmitted SNR γ n = γ A , n ∈ [1, K] from Section IV-B. Fig. 6 studies the trade-off between the performance and power loss of the THP, CIO-THP and PE-THP systems with varying SNR thresholds, N = M = 4, 4-QAM, and SNR ant = 29 dB. Significant gains in power for the proposed scheme of over 90% and 85% with respect to THP and CIO-THP can be observed for SNR thresholds where the power optimization is relaxed without harming performance, in the region of uncoded BER below 10 −2 . Performance is however affected for lower SNR thresholds, where evidently BER cannot be guaranteed. The performance versus power loss trade-off is also depicted in Fig. 7 for THP, CIO-THP and PE-THP systems in the same scenario of N = M = 4 and 4-QAM but under different SNR conditions. Again, significant power savings for the proposed scheme can be observed at high SNR values where the performance is not damaged. For decreasing SNR values these power gains tend to diminish, in which cases however, the high BER values do not realistically allow transmission for both conventional and proposed schemes. From Figs. 6 and 7 it can be seen that the proposed scheme offers significant power savings in the medium to high SNR regions where the power optimization is most effective, yielding a much reduced transmit power.
The complexities of THP, CIO-THP and PE-THP are shown in Fig. 8 for the case of 4-QAM. It can be seen that the number of operations required to solve the optimization problem increases as the thresholds γ n lower down. This effect can be explained by taking into account that the range of possible solutions increases when γ n is made smaller, therefore complicating the minimization process since a higher number of function evaluations S ev is required. Note that, although not explicitly included for brevity reasons, the complexity of 16-QAM is embedded in the power efficiency results and follows the same trend. Fig. 9 depicts the normalized power consumption as a function of K for different intended transmit powers P p in a system with N = M = 8, 16-QAM and γ = γ A . We select typical transmit power budgets corresponding to LTE BS, Picocell BS and WiFi BS for reference to practical systems. Moreover, Fig. 9 also includes the power consumption approximation described in (37) . T for the power loss and for S ev , respectively. It can be seen that the second-order polynomial expression closely matches the empirical results for any K and N , therefore making possible to select the best number of users to optimize without having to compute the results for all possible combinations of these parameters. It can also be observed that the optimum K to minimize the overall power consumption, which corresponds to the minimum in each curve, increases as P p does. Based on these results, it can be concluded that the proposed technique is most useful w.r.t. THP and CIO-THP in the higher transmit power scenarios of the LTE BS and Pico BS where the power consumed by the power amplifier P P A dominates over the signal processing consumption. Fig. 10 compares the power efficiency for the THP, CIO-THP and PE-THP techniques using (31) for a varying number of antennas. The results are obtained for a total transmitted SNR of SNR T = 35 dB and assuming a LTE BS with typical transmit power of P p = 43 dBm [37] . The achievable rates of all systems are calculated following (33) and (34) , and assuming a transmission bandwidth of B = 20 MHz. In these conditions, it can be concluded that the proposed technique always outperforms THP and CIO-THP. This effect is especially noticeable for lower number of antennas, where also the power efficiency loss due to the additional complexity is dominant. Specifically, power efficiency improvements of 50% and 18% compared to THP and CIO-THP, respectively can be obtained for a 4-QAM system with M = N = 4 antennas in which K = 4 users are optimized. Here, we would like to point out that the benefits of the proposed technique are maximized in the high transmit-power scenarios. This is because the reduction in transmit power offered by PE-THP is more pronounced in these cases and hence the trade-off between power and computational complexity is most favorable for PE-THP.
To evaluate the previously mentioned power-performancecomplexity trade-off, Fig. 11 shows the power efficiency for varying values of the scaling factors γ n of the K optimized users and M = N = 4. It can be seen that the power efficiency of the proposed technique is always higher independently of the fixed received SNR thresholds γ n . Hence, although the overall complexity is increased and the achievable rates are reduced with respect to conventional THP for low SNR thresholds, the effect of the transmit power reduction compensates for these losses making possible to achieve a higher power efficiency. In particular, the power efficiency of the proposed technique is increased by 300% when compared to CIO-THP when all receivers fix their SNR thresholds to γ n = 5 dB.
VIII. CONCLUSION
In this paper, a power efficient THP scheme has been proposed. Based on a power efficiency analysis, it has been concluded that it is possible to improve the results of the previous approaches in terms of both power efficiency and power loss by scaling the original user symbols. Although the complexity increases when a higher number of users are scaled, the known interference can be better aligned with the symbols to transmit and further reduce the transmit power. Based on this, it has been confirmed that the proposed technique can maintain the error rates of THP and CIO-THP while, at the same time, decrease their power loss.
